
MAA206 – Bachelor, Year 2

Chapter 2: Orthogonality & isotropy

Exercise 3. Let E be a R-vector space of dimension n < ∞. Determine all ϕ ∈ S (E) (i.e. symmetric bilinear
forms) such that n = dimker(ϕ) + 1.

Solution of exercise 3. rank(ϕ) = 1, for
Jϕ : E −→ E⋆

u 7−→ ju ,

we have Ker(ϕ) = KerJϕ has a basis consisting of n − 1 vectors, say u2, . . . ,un. Let u1 < Ker(Jϕ), let c = q(u1).
We have c , 0 since ϕ , 0. Define ℓ1(ui) = δi1, ℓ2(ui) = δi1c, then ϕ(u,v) = ℓ1(u)ℓ2(v).

Exercise 4. Let E be the vector space:

E :=


 a b

c d

 ∈M2(R) : a− d = o


Let also J :=

 1 1
1 −1

 and define q : E −→R by

q(A) := Tr(AJA), A ∈ E.

1. Prove q is a quadratic form and determine its polar form.

2. Prove thatB :=


 1 0

0 1

 ,
 0 1

0 0

 ,
 0 0

1 0


 is a basis of E,

3. Give the matrix of q in the basisB .

4. Determine the rank, the kernel and the signature of q. Is it positive? negative? definite?

5. Determine the orthogonal for q of Span(I2).

Solution of exercise 4.

1. q(λA) = Tr(λ2AJA) = λ2 Tr(AJA). ϕq(A1,A2) =
1
2

(Tr((A1 + A2)J(A1 + A2)) − Tr(A1JA1) − Tr(A2JA2)) =
1
2

(Tr(A1JA2) + Tr(A2JA1)). ϕq is symmetric and bilinear.

2. Easy to check.

3. Set v1 := E11 + E22 = Id, v2 := E12 and v3 := E21. Then ϕq(v1,v1) = 0, ϕq(v1,v2) = 1, ϕq(v1,v3) = 1;
ϕq(v2,v2) = 0, ϕq(v2,v3) = 0; ϕq(v3,v3) = 0. We haveMB (ϕq) is the following:

0 1 1
1 0 0
1 0 0


1
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4. rank(q) = rank(MB (ϕq)) = 2. Ker(q) = {u ∈ E | ϕq(u,v) = 0 ∀v ∈ E}, Ker(q) = SpanR(v2 − v3). Let v =

x1v1+x2v2+x3v3, then ϕq(v,v)B = (x1 x2 x3)


0 1 1
1 0 0
1 0 0



x1

x2

x3

 = 2x1(x2+x3) =
1
2

[(x1+x2+x3)2−(x1−x2−x3)2].

It has signature (1,1) thus not definite.

5. Span(Id)⊥ = Span(v1)⊥ = {v ∈ E | ϕq(v,v1) = 0}. ϕq(v,v1)B = (x1 x2 x3)


0 1 1
1 0 0
1 0 0



1
0
0

 = x2 + x3 = 0, thus

Span(v1)⊥ = Span(v2 − v3,v1).

Remark. Question: Which step has problem in the following: By the standard process of finding the eigenspaces,
we have 

0 1 1
1 0 0
1 0 0

 = P J tP where P =


0 −

√
2/2

√
2/2

−1/
√

2 1/2 1/2
1/
√

2 1/2 1/2

 =: (u1,u2,u3), J =


0 0 0
0 −

√
2 0

0 0
√

2

 ,

q(a1u1 + a2u2 + a3u3) = (a1, a2, a3)tPMB (ϕq)P


a1

a2

a3

 = −
√

2a2
2 +
√

2a2
3, replace u2 by 4

√
2u2, u3 by 4

√
2u3, then q(a1u1 +

a2u
′
2 + a3u

′
3) = −a2

2 + a3
3. q has signature (1,1), and it is not definite.

Exercise 9. Consider the quadratic form q on C3 defined by

q (u1,u2,u3,u4) = u1u2 +u2u4 −u3u4 − 2u1u4 − 2u2u3 −u1u3.

1. Prove, without reducing q, that q has maximal rank,

2. Give an orthogonal basis for q.

Solution of exercise 9.

1. The associated matrix is


0 1

2 −1
2 −1

1
2 0 −1 1

2
−1

2 −1 0 −1
2

−1 1
2 −1

2 0

.
2.

q (u1,u2,u3,u4) = u1u2 +u2u4 −u3u4 − 2u1u4 − 2u2u3 −u1u3

= u1(u2 −u3 − 2u4) +u2u4 −u3u4 − 2u2u3

= −1
2
u2

1 +
1
2

(u1 +u2 −u3 − 2u4)2 − 1
2

(u2 −u3 − 2u4)2 +u2u4 −u3u4 − 2u2u3

(1)

Exercise 10. Let E be a R-vector space of dimension n ≥ 2 and f1, f2 ∈ E⋆ be linearly independent. Let q : E→ R

be defined by q(u) = f1(u)f2(u) for all u ∈ E.

2
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1. Show q is a quadratic form on E,

2. Determine the rank and the signature of q.

Solution of exercise 10.

1. ϕq(u,v) =
1
2

(f1(u + v)f2(u + v) − f1(u)f2(u) − f1(v)f2(v)) =
1
2

(f1(u)f2(v) + f1(v)f2(u)). The rest are easy to
check.

2. q =
1
4

((f1 + f2)2 − (f1 − f2)2). Set ℓ1 := f1 + f2, ℓ2 = f1 − f2, (f1 f2) = A(e∗1 e∗2) then (ℓ1 ℓ2) =

1 1
1 −1

A(e∗1 e∗2),

since f1, f2 are linearly independent, A is invertible, thus

1 1
1 −1

A invertible and ℓ1, ℓ2 are linearly

independent. Therefore q has signature (1,1) and rank 2.

Exercise 11. Let q ∈ Q
(
R3

)
which matrix in the canonical basis of R3 is

1 1 1
1 2 3
1 3 5

 .
1. Determine the rank and the kernel of q,

2. What is the signature of q ?

3. Determine a basis of the orthogonal of G := Span((0,1,0), (1,0,1)). Do we have R3 = G⊕G⊥ ?

Solution of exercise 11.

1. ϕq(v,v)canonical basis = (x1 x2 x3)


1 1 1
1 2 3
1 3 5



x1

x2

x3

 = x2
1 + 2x1x2 + 2x1x3 + 6x2x3 + 2x2

2 + 5x2
3 = . . . = (x1 + x2 +

x3)2 + (x2 + 2x3)2. rank(q) = 2. Ker(q) = {


x1

x2

x3

 |

1 1 1
1 2 3
1 3 5



x1

x2

x3

 = 0} = Span(


1
−2
1

).
2. (2,0).

3. v = (x1,x2,x3) ∈ G⊥ if: (x1 x2 x3)


1 1 1
1 2 3
1 3 5



0
1
0

 = x1 + 2x2 + 3x3 = 0, and (x1 x2 x3)


1 1 1
1 2 3
1 3 5



1
0
1

 = x1 +

2x2 + 3x3 = 0. Thus G⊥ = Span(


−2
1
0

 ,

−3
0
1

).

−1
2
−1

 ∈ G∩G⊥ so they are not in direct sum.
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Exercise 13. Determine the signature of the quadratic form q ∈ Q (Rn) whose matrix in the canonical basis of Rn

is given by

(min(i, j))1≤i,j≤n =



1 1 1 · · · 1
1 2 2 · · · 2
1 2 3 · · · 3
...

...
...

...

1 2 3 · · · n


.

Solution of exercise 13. Hint: Write it as sum of rank 1 matrices and use Exercise 3.
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