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Chapter 2: Orthogonality & isotropy

FExercise 3. Let E be a R-ve&or space of dimension 1 < co. Determine all ¢ € #(E) (i.e. symmetric bilinear

forms) such that n = dimker(¢p) + 1.

Solution of exercise 3. rank(¢) =1, for
Jp E— E*

U= ju,

we have Ker(¢p) = Ker %, has a basis consisting of n— 1 ve&tors, say uy,...,u,. Let u; € Ker(%,), let c = q(uy).
We have ¢ # 0 since ¢ = 0. Define € (u;) = 9;1, €2(u;) = 0i1¢, then @(u,v) = €1 (u)l,(v). O

Exercise 4. Let E be the ve&or space:

E::{[ j Z ]EMQ(IR):a—d:o}

1
. ]anddeﬁneq:E—>ley

Let also J '——[
’ 1
q(A) = Tr(AJA), A€E.

1. Prove g is a quadratic form and determine its polar form.

2. Prove that & = Lo , 0 1 , 00 is a basis of E,
0 1 0 0 1 0

3. Give the matrix of g in the basis %.

Determine the rank, the kernel and the signature of g. Is it positive? negative? definite?

5. Determine the orthogonal for q of Span(I5).

Solution of exercise 4.
1
1. g(AA) = Tr(A2AJA) = A2 Tr(AJA). @q4(Ay,Ar) = E(Tr((Al +A))J(A1 + Ap)) — Tr(A1A) — Tr(A2J Ay)) =
%(Tr(Al]Az) +Tr(A2JA1)). @4 is symmetric and bilinear.

2. Easy to check.

Set vy := Ey1 + Eyp = Id, vy := Eyp and v3 := Ep;. Then ¢4(vi,v1) = 0, ¢4(v,v2) = 1, @4(v1,v3) = 1

3.
Pq(v2,v2) = 0, ¢4(v2,v3) = 0; @4(v3,v3) = 0. We have Lg(¢p,) is the following:

[
[ i
[ e
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4. rank(q) = rank(AZg(¢p,)) = 2. Ker(q) = {u € E | p4(u,v) = 0 Yv € E}, Ker(q) = Spang (v, —v3). Letv =

0 1 1)(x;

1
XV +X02+X303, then @ (v,v) g = (X1 X, x3)[ 1 0 0f[xy | = 251 (xp+x3) = 5[(x1 +X0+x3) % —(x] —x5—x3)?].

1 0 0 X3
It has signature (1, 1) thus not definite.

5. Span(Id)* = Span(vy )" = {v € E | @4(v,v1) = 0}. @4(v,v1)g = (x1 X3 X3)

=)
[ e
[

1
0 =Xy +X3 :0, thus
0

Span(v)* = Span(v, —vs,vq).

O

Remark. Question: Which §tep has problem in the following: By the $§tandard process of finding the eigenspaces,
we have

01 1 0 —V2/2 V22 0 0 0
1 0 0|=PJ'P where P=|-1/vV2 1/2  1/2 |=(uj,upus), J=|0 —v2 0|,
1 00 N2 12 172 0 0 2
ai
qlajuy + aruy +azus) = (al,az,a3)tP/Zgg((pq)P a,|= —\/Eag + \/Ea%, replace u, by V2usy, us by V2us, then qlajuq +
as

ayub +azul) = —a3 + aj. q has signature (1,1), and it is not definite.
Exercise 9. Consider the quadratic form g on C* defined by
q(uy, Uy, Uz, Uy) = Uty + Uplly — Uzly — 2U Uy — 2Up U3 — Up U3,

1. Prove, without reducing g, that 4 has maximal rank,

2. Give an orthogonal basis for 4.

Solution of exercise 9.
1 1
o 1 -1
L 9 -1 1
1. The associated matrix is 21 21
19 oo _1
2 2
1 1
-1z -3 0

q(uy, up, U3, 1) = Uyt + Uy — U3ty — 2Uj Uy — 2Up Uiz — Uy U3

=uy(uy —uz —2uy) + upliy — ustiy — 2Uyus (1)
1, ) 1 2
:—Eu1+§(u1+u2—u3—2u4) —E(Uz—”3—2”4) +Uply — Uzliy — 2Un U3

O

Exercise 10. Let E be a R-vetor space of dimension n > 2 and fi, f, € E* be linearly independent. Let q: E — R
be defined by g(u) = f(u)fo(u) for all u € E.



ECOLE
POLYTECHNIQUE

MAA206 — Bachelor, Year 2

W2 1P PARIS

1. Show ¢ is a quadratic form on E,

2. Determine the rank and the signature of g.

Solution of exercise 10.

1 @) = S+ )foli+v) = i@ fol) - fi0)fo(v) = 3 (i) fo(e) + fi(v)fa(). The redt are easy to
check.

1

L1 Ale] €3),

2. 4= %((fl +f)2=(fi—f2)?)- Set &y := fi+ fo, a = fi — fo, (fi o) = Ale] €}) then (€, £;) = [

A invertible and ¢,¢, are linearly

1
since fi, f, are linearly independent, A is invertible, thus [1

independent. Therefore g has signature (1,1) and rank 2.

O
Exercise 11. Letqe Q([R{3) which matrix in the canonical basis of R3 is
1 1 1
1 2 3
1 3 5
1. Determine the rank and the kernel of g,
2. What is the signature of g ?
3. Determine a basis of the orthogonal of G := Span((0,1,0),(1,0,1)). Do we have R3=GaGL?
Solution of exercise 11.
11 1)(x
1. (pq(v,v)canonical basis = (X1 X2 x3)|1 2 3||x,|= x% + 2x1X) + 2x1X3 + 6XpX3 + 2x§ + 5x§ =...=(x1+x+
1 3 5/|xs
X1 1 1 1 X1 1
x3)% + (x5 + 2x3)°. rank(q) = 2. Ker(q) = {[x, || [1 2 3]||x,|=0}=Span(|-2]).
X3 1 3 5 X3 1
2. (2,0).
1 1 11/0 1 1 1)1
3. v = (x1,X0,%x3) € GHif: (x7 xp x3)|1 2 3||1|=x; +2x,+3x3=0,and (x; x, x3)|]1 2 3|[0|=x1+
1 3 5]10 1 3 5]|1
=21 (1-3 -1
2x5+3x3 =0. Thus G+ =Span([ 1 |,] 0 |).| 2 | € GNG* so they are not in diret sum.
0 1 -1
O
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Exercise 13. Determine the signature of the quadratic form g € @ (R") whose matrix in the canonical basis of R"

is given by
1 1 1
1 2 2 2
(min(i:j))lsi,an =[1 23 3
1 2 3 n
Solution of exercise 13. Hint: Write it as sum of rank 1 matrices and use Exercise 3. O




